We consider (1+3)-dimensional domain wall solutions of heterotic supergravity on a six-dimensional warped nearly Kähler manifold X 6 in the presence of gravitational and gauge instantons of tanh-kink type as constructed in [1] . We include first order α corrections to the heterotic supergravity action, which imply a non-trivial YangMills sector and Bianchi identity. We present a variety of solutions, depending on the choice of instantons, for the special case in which the SU (3) structure on X 6 satisfies W − 1 = 0. The solutions preserve two real supercharges, which corresponds to N =1/2 supersymmetry from the four-dimensional point of view. Besides serving as a useful framework for collecting existing solutions, the formulation in terms of dynamic SU (3) structures utilized here allows us to obtain new solutions in as yet unexplored corners of the instanton configuration space. Our approach thus offers a unified description of the embedding of tanh-kink-type instantons into half-BPS solutions of heterotic supergravity where the internal six-dimensional manifold has a warped nearly Kähler geometry.
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Introduction
The problem of finding solutions of ten-dimensional supergravities with a compact manifold filling internal directions is of manifest importance for phenomenological applications (for reviews on that subject, see, for example, [2] [3] [4] [5] [6] ). Most of the variety of different vacua in string theory comes from the choice of the internal manifold, the simplest example of which is a flat torus. However, toroidal compactifications lead to lower-dimensional theories that are, in some sense, "too simple" in that they typically do not entail realistic phenomenology. In particular, toroidal compactifications of minimally supersymmetric ten-dimensional theories to four dimensions yield N = 4 theories that are non-chiral [7] . Less trivial examples of manifolds that lead to interesting lower-dimensional physics are given by manifolds with special geometry such as Calabi-Yau (or, more generally, SU (3) structure) manifolds [8] . An important feature of these manifolds is that they preserve less supersymmetry, thus leading to more realistic models. This is a direct consequence of the holonomy principle, which states that the parallel spinor equation
has m solutions if and only if the holonomy group of ∇ is contained in the joint stabilizer subgroup of m spinors, which in turn is related to the G structure of the manifold. Then, m defines the amount of supersymmetry preserved by the background.
In this paper, we study heterotic supergravity, that is the low-energy limit of heterotic string theory, which was first constructed in [9] [10] [11] . Heterotic supergravity consists of N = 1, D = 10 supergravity coupled to super Yang-Mills theory. The ingredients are a ten-dimensional manifold M, equipped with a Lorentzian metricĝ, an NS 3-formĤ, a dilatonφ and a gauge connection A∇ , with gauge group SO (32) or E 8 × E 8 . It was shown in [9] that the anomaly cancellation condition of ten-dimensional super Yang-Mills theory coupled to N = 1, D = 10 supergravity can be written as a Bianchi identity on H,dĤ = α 4 Tr(F ∧F −R ∧R) , (1.2) whered is the ten-dimensional exterior derivative,F is the curvature 2-form of the gauge connection A∇ andR is the curvature 2-form of a connection∇. Different connections used in the anomaly cancellation condition (1.2) correspond to different renormalization schemes [12] and there is some discussion about the correct choice of the curvatureR in the literature (see, for example, [13] and references therein). In particular, string theory appears to prefer the choice∇ = +∇ [14, 15] , with ±∇ being the metric compatible connections on the tangent bundle of M with torsion ±Ĥ. From a purely supergravity point of view, the connection∇ is determined by imposing the instanton equationR · = 0 [13] . For the purpose of this paper, we will adopt the latter point of view.
In the case of vanishing NS 3-form flux,Ĥ = 0, the internal manifold should be Ricciflat and Kähler. Such a solution typically does not stabilize all Kähler moduli. Owing to the different scale properties of the terms on the opposite sides of the equation above, a solution with non-zero NS 3-form flux breaks scale invariance and is thus capable of stabilizing the Kähler moduli [16] . In the present paper, we construct order α solutions with non-zero NS 3-form flux that preserve N = 1/2 supersymmetry (that is two real supercharges) in 1+3 external dimensions. The usual N = 1 supersymmetry (that is four real supercharges) implied by the BPS equations is halved by the presence of a domain wall.
At the zeroth order in α , the BPS equations are solved by M = R 1,2 × c(X 6 ) with vanishing NS 3-form fluxĤ = 0 andφ = const. Here, c(X 6 ) is the metric cone over a sixdimensional nearly Kähler manifold X 6 . At the first order in α , the BPS equations can be solved by choosing the gauge connection to be A∇ = LC ∇ andĤ = 0,φ = const [1] , where LC ∇ is the Levi-Civita connection on c(X 6 ). Less trivial solutions withĤ = 0 can be obtained if the gauge field is chosen to be an instanton [1, [17] [18] [19] [20] [21] [22] [23] . In our analysis, we exploit the instanton solution of [1] and reformulate it in the framework of dynamic SU (3) structures. Moreover, we consider previously unexplored combinations of instanton configurations thereby extending results of [1, 22, 23] . In addition, we reproduce some of the solutions found in [1, 22, 23] , in special corners of our instanton configuration space. Finally, in the α → 0 limit, our construction becomes a sub-sector of the more general zeroth order analysis of [24] .
The paper is organized as follows. In the next section, we review the G structure formalism for solving the BPS equations of heterotic supergravity, as developed in [24, 25] . We also introduce our ansatz for the metric, the NS 3-form and the dilaton and discuss the zeroth order in α solution. At the first order in α , the gauge fieldF couples to the other fields and therefore becomes non-trivial. The subject of Section 3 is to review the construction of a certain type of seven-dimensional Yang-Mills instantons that were found in [1] . These instantons are employed in order to solve the Yang-Mills sector of the theory. In Section 4, we combine the seven-dimensional Yang-Mills instantons with the other fields in order to lift the zeroth order solution of Section 2 to a fully 10-dimensional solution that is valid at the first order in α . This involves solving the Bianchi identity and a careful treatment of the equations of motion up to this order. We will also unveil a subtle relationship between static and dynamic SU (3) structures on the six-dimensional compact part X 6 of the ten-dimensional space-time manifold, which is a consequence of the warping included in the metric ansatz. In Section 5, we present explicit solutions assuming that W − 1 = 0, that is the torsion class W 1 of the dynamic SU (3) structure on X 6 has vanishing imaginary part. The precise dynamics of the solution depends on the choice of instanton configurations. Our solutions include, in a unified description, special cases of [1, 22, 23] and some new ones. We end the main body of the paper by providing a few concluding remarks in Section 6. Finally, our conventions for indices and normalizations are summarized in Appendix A.
Geometry of the domain-wall background
For a background with vanishing fermionic vacuum expectation values to be supersymmetric, the supersymmetry transformations of the corresponding fermionic fields must vanish. This implies certain conditions on the background, known as BPS equations. For the fermionic content of heterotic supergravity, one finds that the BPS equations up to and including terms of order α are given by
for a Majorana-Weyl spinor . Here and in the following, hatted objects denote tendimensional quantities. The conventions used in this paper are summarized in Appendix A.
We are interested in the background given by a four-dimensional domain wall with six internal directions filled by a compact manifold X 6 with SU (3) structure. We a priori choose the following metric ansatz,
The world-volume of the domain wall is parametrized by the coordinates x α with α ∈ {0, 1, 2}. The coordinate x 3 is chosen to be transverse to the domain wall and will henceforth also be denoted by y. The orthonormal frame on the internal six-dimensional manifold X 6 is given by {e u } = {e u u dx u } with u ∈ {4, 5, . . . , 9} and underlined indices denote tangent space (local Lorentz) indices. Finally, the set of coordinates {x m } = {x 3 , x u } combines all of the directions transverse to the domain wall world-volume. To summarize, the total ten-dimensional space-time manifold M locally splits as
with a flat metric η αβ = diag(−1, 1, 1) on R 1,2 and a general metric g uv (x m ) compatible with a y-dependent SU (3) structure on X 6 .
As a starting point of our further analysis, we shall briefly repeat here the derivation of G structures consistent with the above ansatz, following [24, 25] . First, the Killing spinor is decomposed according to our metric ansatz as
where ρ is the covariantly constant spinor on the world-volume R 1,2 of the domain wall, θ is an eigenvector of the third Pauli matrix and η is a covariantly constant Majorana spinor on the seven-dimensional space X 7 := R × X 6 . The spinor ρ has two real components, which corresponds to the two real supercharges that our background preserves. In fourdimensional terminology this corresponds to N = 1/2 supersymmetry.
We would like to preserve (1+2)-dimensional Lorentz invariance on the domain wall world-volume. This restrictsφ andĤ such that
Hence, the only non-zero components of the NS 3-form flux areĤ yuv ,Ĥ uvw andĤ αβγ = αβγ with αβγ being the totally antisymmetric symbol on R 1,2 , normalized to 012 = +1. Note that this is the same ansatz forφ andĤ as in [24] and that the system of [25] can be recovered by settingĤ yuv and to zero.
We now proceed by introducing a G 2 structure on the seven-dimensional manifold X 7 = R × X 6 with metric
The G 2 structure form ϕ ∈ Λ 3 (X 7 ) and its seven-dimensional Hodge dual Φ := * 7 ϕ ∈ Λ 4 (X 7 ) are constructed using the seven-dimensional gamma matrices Γ m and the spinor η, which is parallel with respect to − ∇,
The gamma matrices Γ m are taken to satisfy {Γ m , Γ n } = 2(g 7 ) mn , and we define a totally anti-symmetrized product of gamma matrices as Γ m 1 ..
The first two equations in (2.1) then imply the following relations [24, 25] ,
Here, d 7 and * 7 are the differential and the Hodge star defined on X 7 . Taking into account the decomposition X 7 = R × X 6 , we can rewrite these equations in terms of an SU (3) structure defined on X 6 and the domain wall direction. First, we decompose η into two six-dimensional spinors of definite chirality,
An SU (3) structure on X 6 is uniquely specified via a real 2-form J and a complex 3-form Ω = Ω + + iΩ − , which are defined for every fixed value of y using the spinors η ± [24, 25] , 10) where the γ u are gamma matrices on X 6 satisfying {γ u , γ v } = 2g uv . The forms (J, Ω) obey the following relations,
where * is the six-dimensional Hodge star with respect to the metric g uv (x m ). The Hodge star * is in our conventions related to * 7 via * 7 ω
Here, ω (6) p is a p-form with legs only in the X 6 directions. The relation between the G 2 structure (ϕ, Φ) and the SU (3) structure (J, Ω) can be expressed as [24] [25] [26] ϕ = e ∆ dy ∧ J + Ω − , 13) where the prefactor e ∆ is a consequence of the metric ansatz (2.2). Substituting the decomposition (2.13) into (2.8), one obtains
(2.14)
Here, a prime denotes the derivative with respect to the coordinate y, and d is the exterior derivative on the six-dimensional manifold X 6 . The two exterior derivatives d 7 and d are related via
for some p-form ω. The ten-dimensional NS 3-formĤ is taken to decompose into the following parts, respecting (2.5),
having legs solely in the X 6 directions. We also define the volume form of
Note that (2.14) may be regarded as a generalization of the Hitchin flow equations [27] . This a common situation in four-dimensional BPS domain-wall solutions of ten-dimensional supergravity theories [24, 25, [28] [29] [30] . In the absence ofĤ,φ and ∆, the system of equations in (2.14) reduces to 18) which are the original Hitchin flow equations. The structure forms J and Ω are tightly related to the torsion classes defined as irreducible representations of the torsion T mn p under the stability group SU (3). A manifold with SU (3) structure in general has a connection with torsion
The 1-form index is the upper index of the torsion tensor, while the lower antisymmetric pair of indices [mn] label an element of so(6) = su(3) ⊕ su (3) ⊥ . Decomposing the torsion into irreducible representations of the holonomy group and taking into account that the su(3) piece drops out when acting on SU (3)-invariant forms, we obtain the intrinsic torsion [2] 
The tensors W 1 , . . . , W 5 are the five torsion classes that appear in the derivatives of the structure forms, dJ = − 3 2
We now depart from the general discussion and focus on nearly Kähler manifolds, which support instanton connections of the type found in [1] and are defined by the following condition on the torsion classes,
is the only non-zero contribution to the intrinsic torsion. In addition, we set
The system of equations in (2.14) is then solved by an NS 3-form flux and a dilaton of the form [24] , (2.24) provided the structure forms J and Ω satisfy the following flow and structure equations,
By acting with a y-derivative on the second equation in (2.11), one also learns that Before constructing order α solutions, we shall first discuss the zeroth order case. We have already solved the first two BPS equations in (2.1). In addition, the third BPS equation in (2.1) is solved byF = 0. In order to have a full heterotic supergravity solution, we also need to check that the Bianchi identity and the time-like components of the equations of motion are satisfied. The latter leads to the condition = 0, as will be shown in more detail in Section 4.3. The Bianchi identity at the zeroth order in α simply becomesdĤ = 0. From this condition, we obtain the following set of equations,
We can immediately read off two special solutions
where a, b are integration constants and 'any' means a free function. The first case corresponds to a nearly Kähler geometry with constant dilaton and vanishing NS 3-form flux. The second case is Calabi-Yau with flux. Both solutions are contained in [24] as special cases. This concludes our analysis of the zeroth order case, and we shall turn to the construction of order α solutions.
3 Yang-Mills sector
Yang-Mills instantons on R × X 6
In this section, we review the construction of Yang-Mills instantons à la Harland and Nölle [1] . In their terminology, an instanton is a solution ofF · = 0, which is the third BPS equation in (2.1). At the zeroth order in α , one may simply setF = 0 and ignore the Yang-Mills sector altogether. This is consistent, since the coupling ofF to the other supergravity fields only starts to arise at linear order in α . Since our goal is to construct order α solutions, we need a non-trivialF .
We will study the instanton equation on the manifold X 7 = R × X 6 with 'h-cone' metric
whereg is a fixed (that is y-independent) nearly Kähler metric on X 6 with components given byg uv (x u ), and h(y) is a warp factor. Note that this metric is further restricted as compared to the g 7 introduced in the previous section. We henceforth take g 7 to have the form (3.1).
The orthonormal frame on X 7 is given by {σ m } = {dy, h e u } with m = 3, 4, . . . , 9 and u = 4, 5, . . . , 9. Here, {e u } = {e u u dx u } is an orthonormal frame on X 6 satisfying e u u e v v δ uv = g uv . Associated to the y-independent metricg, there is a static (that is yindependent) SU (3) structure on X 6 defined in terms of a real 2-formJ and a complex 3-formΩ. The orthonormal frame {e u } on X 6 can be arranged such thatJ andΩ take the following standard form,
These forms satisfy dΩ + = 2J ∧J and dJ = 3Ω − , showing that the manifold X 6 is indeed nearly Kähler withW
In addition, they obey the equations in (2.11) with tildes everywhere.
The instanton equationF · = 0 on X 7 reduces to
Via the coordinate redefinition, assuming h ≥ 0 (see Footnote 3),
the metric (3.1) transforms into
where g Z is the metric on the cylinder. Since (3.3) is conformally invariant and the metric (3.1) is conformal to the cylinder metric, instantons on the cylinder will also solve (3.3). The instanton equation on the cylinder is 6) and * Z is the Hodge star with respect to the cylinder metric g Z . To solve (3.6), we use the same ansatz for the gauge connection as in [1] , namely
where can ∇ is the canonical connection on X 6 defined by 8) and the matrices I u , generating the orthogonal complement of su(3) in g 2 ⊂ so (7) are defined by the following relations,
Together with the generators of su (3) 
where f i uv is a structure constant appearing in the Lie algebra commutator
and a dot denotes a derivative with respect to τ . It was shown in [1] that such anF solves the instanton equation (3.6) if and only if the function ψ(y) satisfies the 'kink equation'
This equation has two fixed points, ψ = 0 and ψ = 1, which correspond to the canonical connection can ∇ and the Levi-Civita connection LC ∇ on X 7 , respectively. There is also a non-constant solution. It interpolates between the two fixed points and is given by the kink function
The integration constant τ 0 fixes the position of the instanton in the τ direction. In terms of the original variables y and h(y), the kink equation becomes
It has the same fixed points, ψ = 0 and ψ = 1, as (3.12). The non-constant solution is formally given by
with τ (y) determined by (3.4). Heterotic supergravity contains another curvature 2-form besidesF , namelyR. As explained in Section 1, we adopt the supergravity point of view for the purpose of this paper, which implies the instanton equation also forR, that is
Given that we have found an explicit instanton solution for the ansatz (3.7), we will make the same ansatz also for∇. Each connection, however, comes equipped with its own independent scalar function ψ. To distinguish between the two, we put
where F(ψ) was defined in (3.10). The precise choices for ψ 1,2 will be made later.
Bianchi identity
The Green-Schwarz anomaly cancellation condition for the heterotic string at order α can be written as a Bianchi identity for the NS 3-formĤ, namely [9, 13] 
With the results from the previous subsection, one may explicitly evaluate the right-hand side of this equation. First, one haŝ
Inserting (3.10) and using the kink equation (3.14), we can express the Bianchi identity in the following form,
20) which will turn out to be useful in the following sections.
Warped nearly Kähler domain wall

Static versus dynamic SU (3) structures on X 6
In Section 2, we began our general discussion by assuming a dynamic, that is y-dependent, SU (3) structure on (X 6 , g) characterized by a pair of forms (J, Ω). This was subsequently specialized in Section 3 to the case where g = (h(y)) 2g with a static, that is y-independent, SU (3) structure on (X 6 ,g) with the forms (J,Ω).
Given that a pair of SU (3) structure forms uniquely specifies a metric and the relation
it is clear that the two pairs (J, Ω) and (J,Ω) are not unrelated. Indeed, the Hodge star satisfies * ω p = h 6−2p * ω p for a p-form ω p on X 6 , and, together with The relation between Ω andΩ is a little more subtle, due to the fact that there can also be a mixing between real and imaginary parts. To parametrize this mixing, we write
with a y-dependent mixing angle β ∈ [0, 2π). A shift of β → β+π can be compensated by a sign flip of h, and so we may restrict ourselves to β ∈ [0, π). The chosen parametrization automatically guarantees that to zero and thereby reducing to a Calabi-Yau geometry is not possible. .
The expression (2.24) for the NS 3-formĤ in terms of (J,Ω) becomeŝ
It is instructive to pause here and reflect on what we have achieved so far. Provided the coupled ordinary differential equations (4.6)-(4.7) involving the scalar functions h, β, and φ are satisfied, we have a solution of the first two BPS equations in (2.1) for the metric ansatzĝ 10) and the restrictions in (2.5). The third BPS equation in (2.1) is solved by the instanton construction presented in Section 3.1. However, we still need to ensure that the Bianchi identity is satisfied and check that the time-like components of the equations of motion are obeyed. These issues will be addressed in the next two subsections.
Embedding of the instanton in the ten-dimensional solution
In order to embed the instanton solution of Section 3.1 into a fully ten-dimensional solution, we need to impose the Bianchi identity (3.18). In Section 3.2, we have already computed the right-hand side of the Bianchi identity. The left-hand side can be further specified by applying a ten-dimensional exterior derivatived on the expression (4.9) for H,
Comparing with (3.20), we obtain the following additional conditions on the scalar functions h, β, and φ, now also coupled to the instanton solutions ψ 1,2 as given in (3.13), From the dy∧Ω + term in (4.11), one obtains also the y-derivative of (4.12). This, however, yields no further condition and is thus omitted. after using (4.6), (4.7) and (4.14).
Equations of motion
The equations of motion of heterotic supergravity up to and including terms of order α readR Here,R µν andR are the Ricci tensor and the scalar curvature, respectively. They are computed from the full ten-dimensional metric (4.10). The gauge fieldÂ corresponds to the curvatureF = F(ψ 2 ), and its components can be read off from
We will, however, not need the explicit form of this field. Finally, we define |ω| 2 := Since we adopted the supergravity point of view on the curvatureR, we do not need to verify explicitly all the equations of motion. The precise implication for the equations of motion following from the BPS equations and Bianchi identity is a somewhat subtle point [13, 24, 31, 32] (for recent discussions, see also [33] [34] [35] [36] ). We remark that ansätze for the connections and various other assumptions, such as the considered order in the α expansion, differ in the literature, and this effects the conclusions that are drawn. For the purpose of this paper, we shall follow a conservative strategy and assume that, for our set-up, the BPS equations together with the Bianchi identity and the time-like components of the equations of motion imply the remaining components of the equations of motion.
The time-like components of the Yang-Mills equation are trivially satisfied by the ansatz, since the time-like componentsF 0µ of the corresponding field strength are identically zero. The same is true for the mixed (0µ)-components of the Einstein equations where µ = 0. Hence, we are left with the following two equations, This condition eliminates any flux that has legs in the domain-wall world-volume directions.
Summary of the system of equations
For the warped nearly Kähler domain wall considered in this paper, we have obtained in the previous sections a system of coupled non-linear ordinary differential equations for the scalar functions h, β and φ. This system of equations is a consequence of consistently embedding the instanton on R × X 6 into a full-fledged heterotic supergravity solution with NS 3-form flux given by (4.9). Before we study explicit solutions, it is beneficial to first collect and summarize the complete system of equations. This shall then serve as the central point of reference for the remainder of this paper.
Having set = 0 in accordance with the result of the previous subsection, the full set of equations then reads as follows, and
The system of equations in (4.21)-(4.26) then reduces to 5) and the NS 3-form flux is simply given bŷ
We remark that there are no terms containingΩ − andJ ∧ dy. Indeed, in the absence of , those contributions are precisely measured by W − 1 , which is taken to vanish here. Hence, the NS 3-form flux is completely internal, that is H y = 0. The solution then belongs to the same class of half-flat constructions as those obtained in [23] , given the condition on the dilaton dφ = 0. The precise forms of the solutions, however, depend on the instanton configurations in question. The relation to solutions contained in the existing literature will be clarified below.
Following [1, 22] , we may integrate (5.2)-(5.5) after performing a combined coordinate and function redefinition y → τ , h(y) → f (τ ) of the form
The metric then becomeŝ 
where a dot denotes a derivative with respect to the new coordinate τ . Equation (5.9) implies
with a constant of integration denoted φ 0 . Equation (5.10) can be integrated as well, and we find e 2f = e
with some constant of integration denoted τ 0 . The different choices for ψ 1,2 are either 0, 1 or the interpolating kink solution (3.13) with integration constants τ 1,2 . This leaves us with a total of 8 different instanton configurations, which are discussed below.
Case 1: ψ 1 = ψ 2 . All α corrections cancel out and we revert to the zeroth order solution of [23] , Section 3.6, that is
This is shown in Figure 1 . The NS 3-form flux vanishes,Ĥ = 0, the dilaton is constant, and the ten-dimensional metriĉ
is the cone metric on X 7 together with the flat Minkowski metric on R 1,2 (ignoring the irrelevant integration constant τ 0 , which can always be absorbed by a scale transformation of the coordinate x 3 := e τ −τ 0 ). The transformation back to the original variable y is problematic, however. Solving (5.7), with the solution (5.18) inserted, formally yields
For finite τ , the argument of artanh is always greater than one and thus y(τ ) is illdefined over the reals. One may however directly solve (5.2)-(5.5) for this case. After inserting (5.3) into (5.2) and considering the inverse function y(h), we obtain
Another inversion, which however cannot be performed explicitly, yields h(y). We see that in terms of the original variables y and h(y), this case is equivalent to the scenario discussed in [23] , Section 4.5. y max can only be determined numerically. It depends on α and y 0 . As y → ±y max , h(y)
. We note that the scalar curvature for the metric (4.10) given by the following expression,R = −12h
diverges at the location of the domain wall, y = y 0 , and we thus expect the supergravity approximation to break down in the vicinity of the domain wall. In the expression above, R denotes the scalar curvature of the static nearly Kähler metricg on X 6 , which is conventionally normalized toR = 30 [37] . The solution for φ(y) can be implicitly written as
where it is understood that the solution for h(y) should be inserted. Taken at face value, this solution is ill-defined as a function of y, even inside the range |y − y 0 | ≤ y max , since the argument inside the log is negative. This can be cured by using that log(−|x|) = log |x| + iπ, and absorbing the second term into a new integration constantφ 0 = φ 0 + iπ. The solution for φ then reads as follows, This case appeared neither in [1] nor in [22] . It should be noted that the expression for f (τ ) following from (5.24) is ill-defined for τ < τ dw , where
) is the As in the previous case, we obtain a solution for all y ∈ R by directly solving (5.2)-(5.5). We find
This case can also be found in [23] , Section 4.5.3. Again, the graph of h(y) has a kink shape and a zero at the value y = y 0 , which indicates the location of the domain wall. For y → ±∞, the function h(y) becomes approximately linear h(y) ≈ y. The solution for φ(y) is given implicitly by
The graph of φ(y) has a singularity, φ → −∞, at the domain wall location y = y 0 and approaches the limiting value φ → log(
) + φ 0 as y → ±∞. The plots of h(y) and φ(y) are shown in Figure 3 . We remark that this case can be obtained from case 2 by applying the transformation α → −α (and using that artanh(iz) = i arctan(z)). This is due to the fact that cases 2 and 3 are related by interchanging ψ 1 and ψ 2 , which amounts to a sign flip of the order α term in (5.14). In the same way, case 5 is related to case 4, and case 7 is related to case 6, as can be seen below.
Case 4: ψ 1 = kink, ψ 2 = 0. The solution in this case becomes
It is a special case of [22] , Section 5.2 (with Q e = 0, a = 1 and taking the decompactification limit in the S 1 direction). As τ → +∞, the function f (τ ) approaches the linear solution f (τ ) = τ . For τ → −∞, the function f (τ ) converges to the constant value 
The right-hand side approaches zero as τ → τ dw from above and then becomes negative for sufficiently small values of τ . Hence, f (τ ) derived from expression (5.29) is ill-defined for τ < τ dw . The limiting value τ dw is given by , where X = 27α +8 e 2(τ 2 −τ 0 ) + 27α (27α +16 e 2(τ 2 −τ 0 ) ) .
(5.30) In addition, the scalar curvature (5.25) diverges as τ → τ dw from above. The limiting value τ dw corresponds to the physical location of the domain wall and our solution exists on the half-space τ ∈ (τ dw , ∞). The graphs of f (τ ) and φ(τ ) are displayed in Figure 5 . Case 6: ψ 1 = kink, ψ 2 = 1. For this set-up, we obtain from (5.14)
For τ → +∞, this solution behaves approximately linear f (τ ) ≈ τ . However, depending on the choice of the free parameters, the function f (τ ) may not be well-defined everywhere, because there can be regions where the right-hand side of (5.31) becomes negative. We have plotted two qualitatively different scenarios in Figure 6 . In the plot on the left, the function f (τ ) is well-defined everywhere. In addition, the scalar curvature (5.25) has a kink shape implying in particular that it is finite and smooth for all τ ∈ R. The plot on the right is very similar to case 5. In this case, the function f (τ ) derived from (5.31) is ill-defined for τ < τ dw , where 32) and the scalar curvature (5.25) diverges as τ → τ dw from above. As in case 5, the limiting value τ dw corresponds to the physical location of the domain wall and our solution exists on the half-space τ ∈ (τ dw , ∞). The distinction between the two scenarios can be made by means of the radicand in the numerator on the right-hand side of expression (5.32).
If it is positive, the solution behaves as shown in the plot on the right. This is the case when α > 2 e 2(τ 1 −τ 0 ) . For α ≤ 2 e 2(τ 1 −τ 0 ) on the other hand, the solution is globally well-defined as shown in the plot on the left. Case 7: ψ 1 = 1, ψ 2 = kink. The general solution (5.14) now reads as follows,
This case is similar to case 6, except for the flipped sign in front of the order α term on the right-hand side. It has already appeared in [1] and in [22] , Section 5.7 as a special case (with Q e = 0, a = 1 and taking the decompactification limit in the S 1 direction). The kink solution (3.13) for ψ 2 approaches the value one, as τ → −∞. In this region, the α corrections cancel and we recover the zeroth order behavior, that is linear f and constant dilaton. In the limit τ → +∞, the expression (ψ 
For τ → +∞, the contributions from the α corrections vanish and we recover the zeroth order behavior, that is linear f and constant dilaton. For τ finite, the corrections become important and the precise behavior depends on the choice of free parameters. Two qualitatively different scenarios are depicted in Figure 8 . The plot on the left is an example from a region in parameter space, where the solution resembles that of case 7, with an additional bump, however. In this case the solution is globally well-defined and the scalar curvature (5.25) is finite and smooth everywhere. In other regions of parameter space, the solution is similar to that of case 5. This can be seen from the plot on the right. Here, the function f (τ ) is ill-defined for τ < τ dw , where τ dw is the log of the largest real root of the octic equation 35) with x = e τ dw , a = e τ 0 , b = e τ 1 , c = e τ 2 . The closed-form expression for τ dw is very lengthy and is thus omitted here for the sake of brevity. The limiting value τ dw corresponds to the physical location of the domain wall and the scalar curvature (5.25) diverges as τ → τ dw from above. Our solution exists on the half-space τ ∈ (τ dw , ∞). On the other hand, if there is no solution of (5.35) over the positive reals, we are in a region of parameter space where a globally well-defined solution, such as the one shown in the plot on the left, exists.
Conclusions and outlook
In this paper, we have studied (1+3)-dimensional domain wall solutions of heterotic supergravity on a six-dimensional warped nearly Kähler manifold X 6 in the presence of gravitational and gauge instantons of the type constructed in [1] . The instanton contributions are necessary for solving the Yang-Mills sector and the Bianchi identity (3.18) at order α , which is the order we have considered. The ten-dimensional solutions constructed in this paper are of the form where all fields only depend on the non-compact coordinate y transverse to the domain wall. Our solutions preserve two real supercharges, which corresponds to N =1/2 supersymmetry from the viewpoint of the four non-compact dimensions spanned by {x α , y}. Following the general formalism developed in [24, 25] , we introduced a pair of ydependent SU (3) structure forms (J, Ω) on X 6 defined via the parallel spinors η ± and rewrote the BPS equations (2.1) as a set of compatibility relations involving J, Ω, H, H y and φ. There is also a static, that is y-independent, SU (3) structure denoted (J,Ω) on X 6 . The two structures (J, Ω) and (J,Ω) are related by means of the warp factor h(y) and a y-dependent mixing angle β.
The BPS equations and Bianchi identity then reduce to a set of ordinary differential equations involving the free functions h, β and φ. The complete system of coupled nonlinear ordinary differential equations, as summarized in (4.21)-(4.26), is too complicated to solve in full generality. Instead, we studied the special branches W 
where ψ 1,2 are either 0, 1 or the kink solution (3.13), and we used the convenient reparameterization dy = e f (τ ) dτ , h(y) = e f (τ (y)) . In case one (equivalent to zeroth order in α ), f = τ −τ 0 , which leads to a cone metric with constant dilaton and vanishing NS 3-form flux. The other cases typically asymptote to this zeroth order behavior either at τ → +∞, τ → −∞ or τ → ±∞. Close to the domain wall, care must be taken as to the validity of the supergravity approximation. Indeed, in some of the cases, the scalar curvature diverges as the domain wall is approached.
The NS 3-form fluxĤ is always proportional toΩ + in all our explicit constructions. It would be interesting to have access to solutions with a more generalĤ that also includes terms proportional toΩ − andJ ∧ dy. It remains to be seen whether this can be achieved by finding a solution of the general system (4.21)-(4.26) with both W + 1 = 0 and W − 1 = 0 or whether another, perhaps rather different, ansatz is necessary. This is left for future work.
